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The Mandelbrot Set
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Zooming into the Mandelbrot set M. 5—60_ @)/
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How many boxes of side length 1/3 does it take

Lo cover each of thesc objects? :

How do they scale, from right to lefi? =
¥
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The dimensions D) = 1 and 2 for each tvpe ol fignre above satisfy
the following equivalent equations:
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where ¢ is the size of the side length of the boxes used to cover
the ebjects and N, is the minimuam nnmber of hoxes required to
cover themn.



The method of counting boxes allows one to define a notion of
dimension thal assigns a real value (as opposed to simply an
integer value} to a subsel of Enclidean space.

Definition 1. The box dimension dimp of o bounded subsel
of B™ is quen by lhe following limad (when ol erists):
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where N.(F) is the smallest number of “cubes™ with side length
£ that cover F.
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[he Cantor set is constructed by removing 2"~ gpen intervals
of length 1/3" for every n € N from the nnit interval [0, 1],



Definition 2. A fractal string Q is a bounded open subset of the
real line. The collection of lengths £ of the disjoinl intervals 1s
denoted L.

Theorem 3. If a fractal string 2 in [0, 1] is of total lenglh 1
and has an infinite nunber of lengths in ils sequence L. then

dimp(2) — nf {cr cR| Zf‘j < *x} :

|

where 30 = [0, 1]\ €.

Definition 4. The geometric zeta funclion of a fractal string €
with lengths L is
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where Res > dimpg(aX1). -
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Definition 5. The set of comples dimensions of  fractal string
O with lengths £ is

De(W) = {w e W | (¢ has a pole at w}.

where W is a certain reqron in the compler plane.



The Cantor set exhibits the following properties:

¥ = ]

e Tt has length 0. PP S
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o It is a closed and perfect subset ol |0, 1] (every point is a
limit point). -

e [t s uncountable.

e Ii is sclf-similar.

o If has box-counting dimension equal to logy3:

n

Note that when boxes ol size 8 = 3 7 = 1/3" are used. a min-

imum pumber N_(F) = 2" boxes are regnired to cover the set.
Thus,
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Definition 6. The regularity A(I7) of a (Borel) mreasure i on
a subset U < |0, 1] with range in .00 is

Av) = sl

log \U1 7

where | - | = A(+) is the Lebesgue measure on [0, 1].

Equivalently, A(L/) is the exponent a that satisfies

U = u(O).

Definition 7. For a measure p and ordered family of partitions
B, the partihon zeta function with regularity « is
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where 8,(P) equals 1 if A(P) = o and equals 0 otherunse, p,
is the number of mtervals in the parvtition P,,. and Res s large
crrough.

For the measure v and the family B of partitions given by the
open and closed intervals in the construction ol the Cantor set.
the regularity values are

log (271 f37k2) ki

o= alk, k) =— — 1 ——logq2.
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where ky and ks are relatively prime non-negative integers such
that k) < k.




The complex dimensions of the Cantor String.
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The complex dimensions of another fractal string.
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Nifty things one can do with fractals strings, zela funclions, and
complex dimensions:

e Find the box-coumting dimension of the complements of
fractal strings (Theorem 3).

e Find the volume of the inner e-neighborhood of the bound-
ary of certain fractals.

e Investigate propertics of fractal strings and muliifractal
IMEeASITCS.

e Show, in a new way, that the Critical Zeros of the Riemann
Zeta IMminction do not lie in vertical arithmetic progression.

¢ Reformulate the Riemann Hypothesis as an inverse spectral
problem.
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For the Cantor String, the geometric zeta function is
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Upon meromorphic continuation. we sce thal the last equation
pbove holds for all s € C. hence
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The first fow stages in the construction of a mass distribution v
on the Cantor set. At cach stage, mass is split from the previous
stage in ratios of 1/3 on the left and 2/3 on the right.



Construction ol the partition zeta function Q;‘ﬁ{mf{_'h:ﬁ),ﬁ}. The
solid black blocks correspond to the closed intervals with regu-
larity e{l,2). In general,
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for Res large enough.
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The abscissa of convergence function o for the measure v has
Lhe form

(ex — 1) —(ex — 1)
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The maximum of & is atlained at o — a(l1,2) = 1 — (1/2) log, 2

ane Lhis value eoineides with the hox dimension of the support
ol the measure . That s,

dimp(supp(i}) — max{ ala) | o = alk b))}

= o,
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Real and Complex Dimensions
of Fractal Strings
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This hoadont provides o svoopsis lor my tallk, which consiats of a small
sample of =ome well-koown notions in Fracta! Geoweley.

What is a fractal? There is no universally agreed-upon definition of Tractal,
but gepereally, a fractal is a plysical or nuthemasical object thal edhibils
interesting structare on all scales.

Sowe physical examples inchide human lungs, arteriod and venous sys
tews of kidueys, broceoll rowanesen, mountains, shorelines, forus, clonds,
turbulence, e

Some mathematical examples include the famous Mandelbrow 22t and

the Cantor sct.

Multifractals are objects which exhibit fractad struetnre o o variety of ways
(v are gometimes parametoerized by el valiues).

Sclf-similarity is a property shared by both the Cantor sl and the broccoli
romaneson: Both have subsets at ever-decreasing scales that are copies of the
fullsazle objet.

Box (a.k.a. Minkowski) dimension i s generalization ol integer dimen
siti which nasigns real-numberod valves for many sty o Euelidean space.

Complex dimensions generalize the box dimension by assiening 4 family
ol complex munbers to certain subsets of the ezl line R

Fractal Strings are hounded. open subssis of K. They are simple mathe-
matieal ohjects whose boundaries (in the right setiing) have fraclal structure,
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The Cantor set is the complement in [0, 1] of a special [ractal string called
the Cantor String, The Cantor set exhibity the tollowing propertics:

o It has length (.

Il is a closed and perfect subset of 0, 1] (every point is a limiu point).

o It is uncountable.

Tk s seli similbar.

1t hies bow counbing divnension e Lo log, 2

The Geometric Zeta Function of a [ractal string () with lengths £ is

oo a
Gl = =N "mrI
LEAH) = Mgl
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where Res = dim g (962).

The Complex Dimensions of a fractal string £ with leagths £ iy
PriW)={we W | { has a pole oL w}.
where W is a certain region in the complex plane.

Nify things oge can do with fractals strings. zela hinctions, and complex
ditnengions:

o I'ind the boe-connting dimension of the cowploments of fractal serines.

Find the volume of the inner e-ncighborhoed of the boundary of certain
fractals.

Investipate properties of [ractal strings and multifractal measures.

e Show, i a new way, that the Crivieal Zeros of the Riemann Zeta Fune-
tion do nol lie in verbieal arithmelie progresaion.

Reformulate the Riemann Hypothesis as an inverse speetral problem,
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