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Abstract. We define a one-parameter family

of geometric zeta functions for a Borel measure

on the unit interval and a sequence which tends

to zero. The construction of this family is based

on that of the continuous large deviation spectra

in multifractal analysis. For a measure which is

singular with respect to the Lebesgue measure

and a naturally chosen sequence, a certain value

of the parameter yields the fractal string and ge-

ometric zeta function of the complement of the

support of the measure. This new family of zeta

functions yields topological and multifractal in-

formation which is absent in the current theory

of fractal strings.
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Figure 1: The lengths of the Cantor String.

1 Fractal Strings

Definition 1.1. A fractal string Ω is a bounded open

subset of the real line.

The volume of the inner-ε neighborhood of the boundary

of Ω is

V (ε) = vol1{x ∈ Ω ... d(x, ∂Ω) < ε}.
The Minkowski dimension of a fractal string Ω with

non-increasing sequence of lengths L = {`j}∞j=1 is

DL := inf{α ≥ 0 ... V (ε) = O(ε1−α) as ε → 0+}.
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We have

DL = inf{σ ∈ R ...

∞∑
j=1

`σ
j < ∞}.

Definition 1.2. The geometric zeta function of a frac-

tal string Ω with lengths L is

ζL(s) =

∞∑
j=1

`s
j =

∞∑
n=1

mnl
s
n

where Re(s) > DL.

Definition 1.3. The set of complex dimensions of a

fractal string Ω with lengths L is

DL(W ) = {ω ∈ W ... ζL has a pole at ω}.
Theorem 1.1. The volume of the one-sided tubular

neighborhood of radius ε of the boundary of Ω (with

lengths L) is given by the following distributional ex-

plicit formula (with error term) on the space of test

functions D(0,∞):

V (ε) =
∑

ω∈DL(W )

res

(
ζL(s)(2ε)1−s

s(1− s)
; ω

)
+R(ε)
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2 Multifractal Analysis

Let X([0, 1]) denote the space of closed subintervals of

[0, 1].

Definition 2.1. The regularity of a Borel measure µ

on U ∈ X([0,1]) is

A(U) =
log µ(U)

log |U | ,

where | · | = mL(·) is the Lebesgue measure.

Definition 2.2. The large deviation spectrum is

fg(α) = lim
ε→0

(
lim sup

n→∞
log Nα(ε, n)

n log 2

)

with the convention that log Nα(ε, n)/n log 2 = −∞ if

Nα(ε, n) = 0.
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Rη(α) = {U ∈ X([0, 1]) ... |U | = η and A(U) = α}.
Definition 2.3. The continuous large deviation spectrum

is

f̃ c
g(α) = lim sup

η→0

log (|⋃U∈Rη(α) U |)
| log η|

= lim sup
η→0

(
1−

log |⋃U∈Rη(α) U |
| log η|

)
.

Proposition 2.1. If µ is a multinomial measure, then

f̃ c
g = fg.
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3 Definition of Multifractal Zeta Function

Rηn(α) = Rn(α) =
⋃

U∈Rηn(α)

U.

We have

Rn(α) =

rn(α)⋃
i=1

Rn
i (α),

where rn(α) is the number of connected components Rn
i (α)

of Rn(α). We denote the endpoints of the Rn
i (α) by

Rn
i (α) = (an

R(α, i), bn
R(α, i)).

J1(α) = R1(α),

Jn(α) = Rn−1(α)ªRn(α), n ≥ 2.
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Kn(α) =

kn(α)⋃
i=1

Kn
i (α) ⊂ Jn(α),

The Kn
i (α) are the Jn

i (α) such that an
J(α, i) 6= an

R(α, j)

and bn
J(α, i) 6= bn

R(α, j) for all i ∈ {1, ..., jn(α)} and

j ∈ {1, ..., rn(α)}.
Let

Kµ
N (α) = {|Kn

i (α)| ... n ∈ N, i ∈ {1, ..., kn(α)}}.
Definition 3.1. The multifractal zeta function of a

measure µ and a sequence N is

ζµ
N (α, s) =

∞∑
n=1

kn(α)∑
i=1

|Kn
i (α)|s = ζKµ

N (α)(s).

Definition 3.2. For a measure µ, sequence N which

tends to zero and regularity value α,

Dµ
N (α, W ) = {ω ∈ W ... ζµ

N (α, s) has a pole at ω}.
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4 A Result for Singular Measures

Theorem 4.1. For σ⊥mL, µσ = mL+|σ| and N such

that ln > ηn > ln+1,

ζµσ
N (1, s) = ζLσ(s).
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Figure 2: This is the first four stages of the construction of the multifractal
zeta function ζµ1

N (1, s) in the proof of Theorem 4.1 applied to a measure µ1

and sequence of scales N = {3−n−1}∞n=1. The solid black bars represent the
lengths used to construct the multifractal zeta function ζµ1

N (1, s).
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5 Fractal Strings and Unit Point-Mass

Theorem 5.1. For a fractal string Ω with sequence

of lengths L and perfect boundary, consider

µΩ = mL +

∞∑
j=1

(δaj
+ δbj).

Suppose there exists a sequence N such that ln > ηn ≥
ln+1 and ln > 2ηn. Then,

ζ
µΩ
N (1, s) = ζL(s) and

ζ
µΩ
N (−∞, s) = h(s) +

∞∑
n=2

mn(ln − 2ηn)s,

where h(s) is the entire function given by h(s) =∑k1(−∞)
i=1 |K1

i (−∞)|s.
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Corollary 5.1.1. For a fractal string Ω with perfect

boundary, total length 1, lengths L given by ln = ca−n

with multiplicities mn such that a > 2 and c is a nor-

malization constant, and given a sequence of scales N
where ηn = ln+1 = ca−n−1,

ζ
µΩ
N (−∞, s) = f0(s) + f1(s)ζL(s),

where f0(s) and f1(s) are entire.

Proof : By Theorem 5.1,

ζ
µΩ
N (−∞, s) = h(s) +

∞∑
n=2

mn(ln − 2ln+1)
s

= h(s) + cs
∞∑

n=2

mn(a−n − 2a−n−1)s

= h(s) + cs
∞∑

n=2

mn

(
a− 2

an+1

)s

= h(s) + cs

(
a− 2

a

)s ∞∑
n=2

mna
−ns

= h(s) + cs

(
a− 2

a

)s (
ζL(s)−m1a

−s
)
.

2
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Figure 3: Three fractal strings with the same lengths as the Cantor String.

6 Three Cantor Strings

DCS(C) = {log3 2 +
2iπk

log 3
... k ∈ Z}.

These are the poles of

ζµi
N (1, s) = ζCS(s) =

3−s

1− 2 · 3−s
,

where

µi = µΩi

are the measures with unit point-masses at the endpoint

of each interval comprising the strings Ωi.

Consider the multifractal zeta functions corresponding

these measures at regularity −∞. In each case we use

N = {3−n−1}∞n=1.
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dimH(∂Ω1) = DCS = log3 2,

dimH(∂Ω2) = 0,

dimH(∂Ω3) = log9 2.

ζµ1
N (−∞, s) = 2

(
4

9

)s

+
2

27s

(
1

1− 2 · 3−s

)
.

The set of poles of ζµ1
N (−∞, s) is

Dµ1
N (−∞) =

{
log3 2 +

2iπk

log 3

}

k∈Z
= DCS(C).

ζµ2
N (−∞, s) =

1

9s
,

which, of course, is entire and has no poles.

ζµ3
N (−∞, s) = h3(s) +

(
2s+1

81s

)(
1

1− 2 · 9−s

)

where h3(s) is entire. The set of poles of ζµ5
N (−∞, s) is

Dµ3
N (−∞) =

{
log9 2 +

2iπk

log 9

}

k∈Z
.
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Figure 4: The first three stages in the construction of ζµ1

N (−∞, s) where N
is the lengths of the Cantor String beginning with 1/9. The measure µ1 is
supported on the Cantor Set. The solid black bars represent the lengths used
to construct the multifractal zeta function ζµ1

N (−∞, s) .
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Figure 5: The first three stages in the construction of ζµ2

N (−∞, s) where N
is the lengths of the Cantor String beginning with 1/9. The measure µ2 is
supported on a set with a single accumulation point at 0. The solid black
bars represent the lengths used to construct the multifractal zeta function
ζµ2

N (−∞, s). Note that only the first stage contributes to the construction.
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Figure 6: The first three stages in the construction of ζµ3

N (−∞, s) where N
is the lengths of the Cantor String beginning with 1/9. The measure µ3 is
supported on a Cantor-like set united with a set that has single accumulation
point at 1 and countably many isolated points. The solid black bars represent
the lengths used to construct the multifractal zeta function ζµ3

N (−∞, s).
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